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Abstract 
A (Tychonoff) space is Specker if for each nonzero real-valued continuous function there is a 
nontrivial clopen set on which it is constant and nonzero. The following question is posed: if X is 
a Specker space, then is the absolute of X a Specker space as well? The answer is no, in general, 
but there are several interesting classes of spaces for which it is true. The dual notion of a Specker 
boolean algebra turns out to be equivalent to so-called (w, 2)-distributivity, a fact which appears 
crucial in finding an example showing that the answer to the question raised above is indeed no. 
In the final section the totally ordered Specker spaces are characterized. 
Keywords: Specker space; Absolute of a space; Irreducible map; (w, 2)-distributivity; Ordered 
topological space; Souslin hypothesis 
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In this article all topological spaces are, unless the contrary is specified, Tychonoff 
spaces; a space X is Tychonoff if it is Hausdorff and the cozerosets 
co4.f) = {x E x: f(x) # o}, f E C(X), 
form a base for the topology. C(X) denotes the ring of all continuous, real-valued 
functions defined on X. Recall (see [3, 3.2(b)]) that if X is Tychonoff then each point 
p E X has a base of zeroset neighborhoods. As usual, PX denotes the Stonexech 
compactification of X. 
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C(X) is an f-algebra, that is, a real algebra which supports a lattice-ordering (given 
by the pointwise supremum and infimum, in the case of C(X)) such that a A b = 0 
implies that a A bc = 0, for each c > 0. 
Recall that a space X is zero-dimensional if there is a base for the topology consisting 
of clopen sets. Our general reference for undefined topological terms is [3], except for 
zero-dimensionality; in [3] this term is applied to a stronger condition. 
A space X is Specker if for each 0 # f E C(X), there is a non-void clopen set V 
on which f is both constant and nonzero. Elsewhere (see [l]) we deal with the more 
general concept of a function f E C(X), which is densely constant, that is, there exist 
open sets {Vi: i E 1) which are pairwise disjoint, the union of which is dense in X, so 
that f is constant when restricted to each of the Ui (although not necessarily the same 
constant over the various Vi). If every function in C(X) is densely constant we say that 
X is a DC-space. 
Evidently, any space X containing a dense subset of isolated points is a Specker 
space. Thus, a Specker space need not be zero-dimensional, nor is a zero-dimensional 
space necessarily Specker (for example the space Q of rational numbers, with the metric 
inherited from the reals). Recall that a collection B of open sets in a topological space 
X is called a n-base if every open set of X contains a member of B. Thus, a clopen 
n-base is one consisting of clopen sets. Observe that a Specker space necessarily has a 
clopen r-base. 
We devote most of our attention in this article to the following problem: when is the 
absolute space of a Specker space again Specker? We shall see that it is not always so, 
and we demonstrate this by discussing the corresponding concept, under Stone duality, 
for boolean algebras. For separable spaces and for normal spaces with a a-discrete subset 
the question has an affirmative answer. It does as well, for compact almost P-spaces, but 
that is dealt with elsewhere [7]. 
In the final section of the paper we characterize ordered Specker spaces. 
1. Specker boolean algebras 
We assume that the reader is familiar with Stone duality. Recall that if X is compact 
and zero-dimensional, then the boolean algebra CL(X) of all clopen sets of X is the 
Stone dual of X. 
We begin with a few definitions; let A denote a boolean algebra with top element 1 
and bottom 0. A subset S of A is a quasi-cover of A if sup S = 1. (Note: 0 is admitted 
in a quasi-cover.) A cover is a finite quasi-cover. A partition is a cover by pairwise 
disjoint elements. If 5’ and T are subsets of A, we say that 5’ refines T if each s E S 
lies beneath an element of T. We call a sequence of partitions Tl, T2, decreasing if 
T n+l refines T,. 
A boolean algebra A is called Specker if every sequence of covers of A has a common 
refinement by a quasi-cover of A. 
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Here is the correspondence between zero-dimensional compact Specker spaces and 
their duals. 
Theorem 1.1. The compact zero-dimensional space X is Specker if and only if CC(X) 
is a Specker boolean algebra. 
Before giving the proof, let us attend to the following useful lemma. 
Lemma 1.2. The boolean algebra A is Specker if and only if each decreasing sequence 
of partitions has a common refinement by a quasi-covez 
Proof. No comment is needed about necessity, so we prove the sufficiency. 
Suppose that St, S2, . . is a sequence of covers of A. Put Si = {sr ,i, s2,i, . . . > sn(i),i). 
Define Ti as follows: tr,i = ~1,~ and, if 1 < j < n(i), tj,i = sJ,i - (tl,i V . . V tj_l,i). 
Then each T, is a partition, and T, refines S,. Next, let Ur = Tt, and supposing that the 
partition U, has been defined so that it refines T,, define Un+t = {a A b: a E U,, b E 
T,+, }. The sequence Ur , U2, . defines a decreasing sequence of partitions, with U, 
refining T,. Now, if U is a quasi-cover of A which refines all the U,, it is easy to see 
that U refines the sequence 5’1, S2, . . •I 
Proof of Theorem 1.1. Suppose first that CL(X) is a Specker boolean algebra, and let 
f E C(X) be a nonzero function. For each n E w, and since X is compact and zero- 
dimensional, there is a cover of X by clopen sets 7,, so that over any subset of 7,) f 
varies less than 2~“. By hypothesis, there is a quasi-cover 7 which refines all the 7,. 
Note that sup7 = cl(U7) = X, so that lJ 7 is dense. For each K E 7, f varies less 
than 22” (for each 72 E w) on K, and is therefore constant on K. This shows that X is 
Specker. 
Suppose now that X is a Specker space. We use Lemma 1.2: it suffices to begin 
with a decreasing sequence of partitions St, S2, . by clopen sets. Using this sequence 
of partitions, construct, via a Cantor-like process, a function f E C(X), as a uniform 
limit of step functions fn, so that fn is constant on each clopen set in S,, and with the 
properties that if U,, E S,, so that Un+l 2 U,, then n U, = f-‘(r), for some real 
number r, and if s E f(X), then f-‘(s) is of this form. Since X is Specker, there is 
a pairwise disjoint family of clopen sets 7, the union of which is dense in X, so that 
f is constant on each member of 7 (see [7, Proposition 1.21). That is to say, 7 is a 
quasi-cover of CL(X) which refines all the S,. 0 
We wish to establish a more focussed characterization of Specker boolean algebras, 
which is interesting in its own right. It is also a natural lead-in to the connection with 
distributive laws. 
Suppose that A is a boolean algebra, and that &,S2,. . is a decreasing sequence of 
covers of A. We call it a binary sequence of covers if, for each s E Si, 
I{t: t E &fl, t 6 s}I < 2. 
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We say that the sequence St, S2, . . . is nontrivial unless there is a Ic such S, = Sic, 
for each i 2 Ic. A representative chain of the nontrivial decreasing sequence of covers 
Sl,S2,... is one at > a2 3 . ., where ai E Si. It is a proper representative chain if 
there exist i # j, so that ai > aj. 
Then we have the following characterization of Specker boolean algebras. 
Theorem 1.3. The boolean algebra A is Specker if and only if every nontrivial binary 
sequence of partitions SI , S2, . . has a proper; representative chain al > a2 3 . . . with 
a nonzero lower bound. 
Proof. (Necessity) If A is Specker, and St, S2, . is a nontrivial binary sequence of 
partitions, there is a quasi-cover T refining all the S,. Now, pick 0 # b E T; for each 
n E w, there is a b, E S, such that b < b,. {&} is a representative sequence, since each 
Si is a partition. As the sequence of partitions is nontrivial, one of these representative 
sequences is proper, and has a nontrivial lower bound. 
The sufficiency is greatly facilitated by the following lemma. 
Lemma 1.4. Suppose that A is a boolean algebra. If every nontrivial binary sequence 
of partitions has a proper; representative chain, then the same is true of every nontrivial 
decreasing sequence of partitions. 
Proof. By way of contradiction, suppose that St, S2,. . . is a nontrivial decreasing 
sequence of partitions, with the property that, for each proper representative chain 
al 3 a2 > . . . . infa, = 0. We proceed to construct a nontrivial binary sequence of 
partitions with the same property. The idea of the argument is to construct “between” 
each pair Si, Si+t a binary sequence of partitions. It is done element by element, taking, 
for each a E Si, pairwise joins of elements of Si+t 
Fix, i E w and a E Si. Define Si (a) = {b E S’+t : b < a}. Suppose that we have 
constructed partitions Tj(a) (1 < j < Ic - 1) of the interval [0, a], so that Tj(a) refines 
Tj+l(a), and for each such j, and each b E T?(a), at most two elements of T?_,(a) 
lie beneath b. Write an indexing for Th_t(a) = {bi: 1 < i < m}. If m is even define 
ci = bzi-1 V b2i, for each i = 1,. . . , m/2. If m is odd, define ci the same way for 
i = l,..., (m - 1)/2, and ci = b,, f or i = (m + 1)/2. Let Tk(a) be the partition of 
[0, a] defined by the ci. It should be clear that, for some index U, T,(a) = {a}. 
We leave it to the reader to manipulate indices so as to build up from the preceding 
paragraph a decreasing sequence of partitions Si = Ut, U2,. . . , uk = Si+t, with the 
feature that each element of Uj is the join of at most two elements of Uj+l. Repeating 
this process for each i E w, and reindexing yet again, one obtains a binary sequence of 
partitions U,, U2, . . which contains the original one, and is therefore nontrivial. 
Finally, if {cn} is a proper representative chain of {Un}, having a nonzero lower 
bound, and Si = U,(Q, then the sequence {en(i)} is proper (because it is cofinal in 
{cn}) and representative, and has a nonzero lower bound. 0 
Now let us complete the proof of Theorem 1.3: 
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(Sufficiency) By Lemma 1.2, it suffices to show that every decreasing sequence of 
partitions of A has a common refinement by a quasi-cover. According to Lemma 1.4, if 
Sl,S2,... is any nontrivial decreasing sequence of partitions of A, then there exists a 
proper, representative chain of {&} having a nonzero lower bound. Let 
T = {a E A: a is a lower bound of some representative chain of {&}}. 
We claim that T is a quasi-cover; it is obviously a common refinement for the sequence 
{Sn). 
Suppose that T has an upper bound a < 1. With b = 1 -a (the boolean complement) let 
Si [b] = {c Ab: c E Si}. Observe that the sequence {S, [b] ~{a}} is a decreasing sequence 
of partitions of A, which, by hypothesis and Lemma 1.2(a), has a proper representative 
sequence {bn} with a nonzero lower bound d, provided it is a nontrivial sequence of 
partitions. (We leave the resolution of the event that {sn[b] U {u}} turns out to be trivial 
to the reader.) Now, each b, = c, A b, and since the S, are partitions, cl 3 c:! 2 . . . and 
a proper representative chain for S,, of which d is a lower bound. Which shows that 
d < a, giving us a contradiction, since also d < b. Thus sup T = 1, and the proof of the 
theorem is done. 0 
A boolean algebra A is (w, 2)-distributive if, for all a,,~, an,2 E A, 
/j (a4 V an,21 = v 
{ 
/\ a,,f cn): f E 2” , 
nEw nEw I 
assuming the indicated infinite suprema and infima exist. 
We now prove that 
ct> 
Theorem 1.5. A boolean algebra is Specker if and only if it is (w, 2)-distributive. 
Proof. (Sufficiency) We prove that the condition in Theorem 1.3 holds. Since a finite 
direct product of Specker boolean algebras is Specker (as a finite disjoint union of Specker 
spaces is Specker), it suffices, By Theorem 1.3, to demonstrate the following: suppose 
we have a doubly indexed sequence of elements a,,i (i = 1,. . . ,2+‘) of elements of 
the (w, 2)-distributive boolean algebra A, with 
V{U,,,$ i = 1,. . . ,274) = 1, 
for each n E w, and a n,i 2 a,+l,j if and only if j = 2i - 1 or 2i; we must show that 
there is a function f : w + w so that 1 < f(n) < 2n-‘, so that A, a,,fcn) # 0. 
Define a new doubly indexed sequence as follows: bl,l = al,l, b1,2 = 0, and for 
n > 2, &,I is the supremum of the u,,i, with i odd, while bn,2 is the supremum of the 
u,,i with all i even. It should be evident that b,,l V bn,2 = 1, for each n E w. Since A is 
(w, 2)-distributive, this means that the supremum of all A, b,,,(,), where g ranges over 
2”, is 1. This implies the existence of the promised function f, so that A, a,,fcn) # 0, 
proving that A is Specker. 
(Necessity) Obviously if A is a Specker boolean algebra, then so is any initial interval 
[0, a]. In the equation (t), which we must prove holds in A, let a = An(an,l V a,~). 
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Then S, = {u A a,,], u A u,,J} covers [0, a]. Thus, there must be a quasi-partition S 
which refines all the S,. On the other hand, if (t) fails, there must exist a 0 < b < a 
so that b meets all the A, u~,~(~J trivially. Yet there is an s E S such that s A b > 0. 
Moreover, for each n E w there is an index g(n) = 1 or 2, such that s A b < a A u~,~(~), 
which contradicts that the a,,,~(~~) all have trivial infimum. 0 
Example 1.6. We refer the reader to [6, 14.221 for details, but for here and our purposes, 
the important thing is that there exists an (w, 2)-distributive boolean algebra for which 
the completion is not (w, 2)distributive. Briefly, it is obtained as the regular open algebra 
RO(T), of a normal and regular WI-Aronszajn-tree. 
Remark 1.7. As an immediate result of Theorem 1.5 we have that the existence of a 
compact extremally disconnected ccc Specker space, without isolated points is equivalent 
to the existence of a So&in line. Recall that a space X is extremally disconnected if 
the closure of every open subset is open. A space satisfies the ccc (for countable chain 
condition) if every set of pairwise disjoint nonvoid open sets is at most countable. 
It is well known that if (X, <) is a totally ordered space (meaning that X is totally 
ordered with the interval topology) which is connected, separable, and without first or 
last element, then X is a copy of the real line. Now, any separable space has the ccc. 
On the other hand, if (X, <) IS a connected, totally ordered space which has the ccc, but 
is not separable, the (X, <) is called a Souslin line. It is well known (see [5,9]) that the 
existence of a Souslin line is independent of ZF + C (the Zermelo-Fraenkel axioms of 
set theory, plus the axiom of choice). 
Here’s how one proves the claim made at the beginning of this remark: according to 
[6, 14.201, the existence of a Souslin line is equivalent to the existence of a complete 
atomless boolean algebra which is ccc (every pairwise disjoint set of nonzero elements 
is countable) which is (w , co)-distributive (meaning that countable infima distribute over 
suprema of any cardinality). On the other hand (see [6, 14.10]), (w,2)-distributivity 
implies (w, w)-distributivity, and, with ccc, the latter implies (w, Ic)-distributivity, for 
every cardinal IC. [6, 14.9(c)]. Dualizing, this proves the claim. 
We mention, without comment, that if Martin’s Axiom is assumed and the Continuum 
Hypothesis is denied, then no Souslin line exists (see [9]). It follows, therefore, that if 
one assumes Martin’s axiom and denies the continuum hypothesis, then every compact, 
extremally disconnected Specker space with the ccc has an isolated point. 
The authors thank a referee for pointing out this short cut to the result, which we had 
proved in a more longwinded manner. 
We turn, next, to a discussion of absolutes, and it will emerge, via Stone duality, and 
the material in this section, that there do exist zero-dimensional compact Specker spaces, 
for which the absolute is not Specker. 
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2. Absolutes of Specker spaces 
Definitions 2.1. A surjective continuous map between spaces f : Y + X is said to be 
irreducible if X is not the image of any proper closed subset of Y. We consider continuous 
maps which are perfect (closed sets have closed images, and inverse images of points 
are compact) and irreducible; we shall use the abbreviation p.i. for such maps, following 
the convention in [4]. We say that two p.i. maps fi : Yi + X (i = 1,2) are equivalent 
if there exists a homeomorphism h : Yl + Yz such that f2 h = fl. (It is easy to verify 
that this notion is an equivalence relation.) See [4] for a detailed, yet concise survey of 
this subject. 
The absolute space of X is a pair (EX, e), where e : EX + X is a pi. map, and EX 
is extremally disconnected. It is a fact that the absolute space is then characterized, up to 
equivalence. (We refer also to the account in [8], and for this particular characterization, 
to Theorem 6.7(a), p. 463 in [81.) 
Let us briefly review the construction of the absolute space. In the compact case, 
Gleason’s original construction is as follows: suppose that X is compact, and consider 
the boolean algebra R(X) of all regular closed subsets of X; this is a complete boolean 
algebra. One then associated to it the Stone dual, which is necessarily extremally dis- 
connected, because R(X) is a complete algebra. (See [8, Section 6.61; we remind the 
reader that a closed set C is said to be regular if cl(int(C)) = C.) The Stone dual is 
the absolute space EX. Since EX may be viewed as the space of ultrafilters of regular 
closed subsets of X, one can define the map e : EX + X, which assigns to an ultrafilter 
its (unique) point of intersection. 
If X is not necessarily compact one forms ,0X, then E@X), as outlined in the 
preceding paragraph. Finally EX = e-’ (X). 
We shall, for brevity, refer to EX as the absolute of X. 
The main question which will concern us for most of the rest of this paper is whether 
the absolute of a Specker space is Specker. It is so, in the cases of the theorem which 
follows, and we actually get a stronger result. 
Theorem 2.2. If a topological space X is either (i) separable, or (ii) normal, with a 
a-discrete dense subset, then if X is a DC-space so is EX. 
Before giving the proof of Theorem 2.2, a reminder is in order. 
Definition 2.3. Recall that a subset Y of X is a-discrete if Y = lJnEw Y,, where each 
Y, is closed and discrete. 
Definition 2.4. At the opposite end of dense constancy one has the concept of a function 
f which is nowhere constant: that is, for each nonempty open set V, f 1~ is not constant. 
In the sequel we will require this results from [2]: if X has no isolated points, and is 
either separable, or else is normal with a u-discrete dense subset, then C(X) has some 
nowhere constant function. 
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The proof of Theorem 2.2 hinges upon the following two lemmas. 
Lemma 2.5. If X is a separable DC-space, then X has a dense subset of isolatedpoints. 
Proof. Suppose that X is a separable DC-space, and let S be a countable dense subset 
of X. If T denotes the set of all isolated points, then we must have T & S, and 
X = cl(T) ucl(S\T). W e will be done if we can show that cl(T) = X. To the contrary, 
suppose that there is a nonvoid open set V 2 cl(S\T). Now, Y = cl(V) is also separable, 
and has no isolated points; by the result from [2] quoted in Definition 2.4, there is a 
function in C(Y) which is nowhere constant. Furthermore, by checking the proof in [2], 
it can be seen that this function can be extended to X. This contradicts the assumption 
that X is a DC-space. 0 
Lemma 2.6. If X is a normal DC-space, which has a dense a-discrete subset, then X 
has a dense subset of isolated points. 
Proof (Sketch). Deduce from the second half of the result from [2], quoted in Defini- 
tion 2.4, imitating the proof of Lemma 2.5. In the notation of the proof of Lemma 2.5, 
one can here extend the nowhere constant function defined on Y to X, by invoking 
Tietze’s extension theorem. 0 
Proof of Theorem 2.2. It is well known that the p.i. map 
e:EX+X, x ti e-’ ({z}) 
defines a bijection between the isolated points of X and those of its absolute; see [8]. 
Now, if X is a DC-space, and is either separable, or else has a dense subset which 
is a-discrete, then, according to Lemmas 2.5 and 2.6, X has a dense subset of isolated 
points. Clearly, then EX has the same property, and, as has already been observed, any 
space with a dense subset of isolated points is Specker. 0 
The following corollary already appears in [lo], for compact spaces. 
Corollary 2.7. If X is a Specker space with a countable r-base, then EX is a Specker 
space. 
Finally, in this section, a comment about the role of zero-dimensional spaces in this 
question about the absolute of Specker spaces. First, for convenience, a definition. 
Definition 2.8. A class C of topological spaces is p.i.-closed if for each space X E C and 
each p.i. map g : X + Y, then Y E C. For example, it is shown in [l, Proposition 3.8(l) 
along with 3.101 that the class of DC-spaces is p.i.-closed. 
Remark 2.9. Suppose that C is a p.i.-closed class of spaces, so that the absolute of 
each zero-dimensional Specker space in C is Specker. Then the absolute of each Specker 
space in C is Specker. 
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We shall presently justify this comment, in the lemma which follows. The significance 
of the remark would seem to be this: that the issue of whether the absolute of a Specker 
space is Specker, can be entirely (Stone)-dualized, and considered in terms of a class of 
boolean algebras f3, which is closed under formation of the completion. For example, the 
question of whether the class of Specker spaces which satisfy the ccc have the property 
that their absolutes are also Specker, can be dualized to ask whether Specker boolean 
algebras which satisfy the ccc are closed under forming the completion. (The completion 
of a boolean algebra which satisfies the ccc also satisfies the ccc, because, dually, the 
absolute of a space with that property preserves it; see [S, 6B].) 
In light of the above, observe the following: the example referred to in Example 1.6 
does not satisfy the ccc. If a boolean algebra A is Specker and satisfies the ccc, then, since 
A is (w,2)-distributive, it is also (w,w)-distributive, according to [6, Theorem 14.101. 
And, as pointed out to us by the referee, the completion of a (w, w)-distributive ccc algebra 
is (w,w)-distributive. (To see this, one employs [6, 14.9(c)].) Thus, the completion of 
a Specker boolean algebra with ccc is Specker, and it follows that the absolute of a 
compact ccc Specker space is Specker. 
Lemma 2.10. If X is a space with a clopen K-base, then there exist a zero-dimensional 
space Y and a p.i. map f : X -+ Y, which implies that the absolutes of X and Y 
coincide. 
Proof (Sketch). Let {Vi: i E 1) be a clopen n-base, and ei denote the characteristic 
function of Vi. Define f : X -+ 2’ (the Tychonoff product of I copies of the discrete 
space 2) by f(z)(i) = ei(x). It IS easy to check that f is continuous, and that Y = f(X) 
is the zero-dimensional space we want, with f p.i. into Y. 
The final claim is well known; see [8, 6.9.(f)]. 0 
Proof of Remark 2.9. Suppose that C is a p.i.-closed class, for which the absolute of 
each of its zero-dimensional Specker spaces is Specker. By the remark in Definition 2.8, 
the class of DC-spaces is p.i.-closed. 
Now, if X E C is a Specker space, and f : X + Y is a p.i. map, with Y zero- 
dimensional, then Y is Specker and in C. Owing to the assumption, it follows that 
EY = EX is also Specker. 0 
3. Ordered Specker spaces 
Definition and Remarks 3.1. Recall that the term totally ordered space refers to a 
totally ordered set, endowed with the interval topology. The main result of this section 
is a characterization of the totally ordered Specker spaces (Theorem 3.3). 
We begin by recalling some elementary properties of totally ordered spaces from [3], 
collecting them in a single proposition. Recall that a P-point p in a space X is one for 
which every zeroset containing p is a neighborhood of p. A P-space is one in which 
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every point is a P-point; equivalently, a space in which every zeroset is open, As noted 
in [?‘I, every P-space is a Specker space. 
In the proposition that follows, the references are all from [3]. A lattice L is Dedekind 
complete if every subset which has an upper bound has a supremum, and dually for 
infima. 
Proposition 3.2. Suppose that (X, <) is a totally ordered space. 
(a) X is compact if and only if the ordered set is complete. (30.7) 
(b) X is connected if and only if it is Dedekind complete and has no successor pairs. 
(30.6) 
(c) p E X is a P-point if and only if p is not the limit of a strictly decreasing sequence, 
nor the limit of a strictly increasing sequence. (50.1) 
Here is the theorem that characterizes the Specker totally ordered spaces. 
Theorem 3.3. Suppose that (X, <) is a totally ordered space. Then X is a Specker 
space if and only if it has a clopen n-base and its Dedekind completion has no nontrivial 
separable connected intervals. 
Proof. (Necessity) Let X denote the Dedekind completion of X. If X is Specker, yet 
X contains a nontrivial separable connected interval (a, b), then it is order isomorphic 
(as well as homeomorphic) to the real line. Thus, there is an order-preserving homeo- 
morphism of [a, b] onto the closed unit interval, which is then extensible to a function 
g E C(X). Since g is not constant on any nontrivial open subset of X n (a,!~), this 
violates the assumption that X is Specker. This is a contradiction; therefore, if X is 
Specker then X has no nontrivial separable connected intervals. 
(Sufficiency) We distinguish the statement 
j? has no nontrivial connected intervals, then X is Speckel: (3.3’) 
Now let’s proceed through a pair of reductions. The first observation is straightforward: 
Lemma 3.4. (3.3*) holds provided it does whenever ?? is connected. 
Proof. Suppose that X contains no nontrivial separable connected intervals. Then the 
same is true of every connected component of 2. 
Now, let {Ci: i E 1) denote the set of connected components of 2. Observe that C, 
is the Dedekind completion of X n Ci, whence each X n Ci is a Specker space. Now, if 
f E C(X), f # 0, then there is an index j such that fj, the restriction of f to X n C, 
is nonzero. But then there is a nontrivial clopen set U (clopen in X II Cj and hence in 
X) so that flu = fj 1~ is constant and nonzero. All of which proves that X is Specker, 
and, therefore, Lemma 3.4. 0 
Henceforth, in view of Lemma 3.4, we assume that X is connected. With this stipu- 
lation it should be clear that every interval of j? is connected. Suppose that X’ denotes 
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X with first and last element adjoined, if necessary. The next observation is obvious; it 
permits us to assume (in proving the sufficiency in Theorem 3.3) that _% is compact, as 
well as connected. 
Lemma 3.5. (3.3’) holds for X precisely when X# satisjes it. 
The next step in the eventual proof of sufficiency in Theorem 3.3 is the following 
proposition. In view of our concerns in this article, it has sufficient independent interest. 
Proposition 3.6. Suppose that (X, <) is a compact, connected, totally ordered space, 
having no nontrivial separable intervals. Then EX is a Specker space. 
Proof. It should be clear that, with the assumption made about X, every countable subset 
of X is nowhere dense in X. Since EX is the Stone dual of the boolean algebra R(X) 
of regular closed subsets of X, we show that it is a Specker boolean algebra. We will 
apply Theorem 1.3. 
In preparation for this, notice two things: (i) the infimum in R(X) is not necessarily 
intersection of sets; disjointness of two regular closed sets means that the sets have an 
intersection which has no interior; (ii) if S and 7 are partitions of X by regular closed 
sets, so that each member of S is the supremum of at most two elements of 7, then 
each closed interval [a, b] which is a connected component of a member of S is the 
supremum of at most two closed intervals, which are themselves connected components 
of members of 7. It therefore suffices, in the application of Theorem 1.3, to consider a 
nontrivial binary sequence of partitions of X by closed intervals. 
Now, let Sl,&, . . . be such a nontrivial binary sequence of partitions of X by closed 
intervals. Let A be the set of all endpoints of intervals in the S,, and Y = X\cl(A). 
Since A is countable, Y is dense in X. Next, for each representative chain Ut > U.2 > . 
of closed intervals, n U, is itself a closed interval. To say that inf U, = 8 is to say that 
n,h is a singleton. Let 2 be the union of all such intersections. 
First, note that if y E Y, then, as y E A, y lies in some intersection n U,, for a 
suitable representative chain U1 2 Uz > . . . Hence, Y C 2, and, therefore, there must 
be a representative chain having a nontrivial infimum. By Theorem 1.3, and the remark 
in the third paragraph of this proof, it follows that EX is a Specker space. 0 
Now we can finish the job of proving sufficiency in Theorem 3.3: 
Suppose that (X, <) is a totally ordered space with a clopen r-base, so that its 
Dedekind completion 2 has no nontrivial separable connected intervals. 
First, recall that /3(EX) is canonically homeomorphic to E(/?X) [8, 6.9(b)(3)]; which 
means that it suffices to show that E(/?X) is Specker [7, Proposition 1.13(b)]. Next, _$ 
is a compactification of X, which means that E(PX) = E(_??) [8, 6.9(f)]. However, 
from Lemmas 3.4 and 3.5, together with Proposition 3.6, E(_?) is, indeed, a Specker 
space. 
This completes the proof of Theorem 3.3. 0 
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We conclude the paper with an example and some observations. 
Definition 3.7. The point p in the space X is an almost P-point if every zeroszet contain- 
ing p has interior. For ordered spaces we characterize almost P-points in Proposition 3.6. 
The proof is similar to the argument used to characterize P-points in ordered spaces 
(Proposition 3.2(c)), and will be omitted. 
An almost P-space is one in which every point is an almost P-point; that is, a space in 
which every nonempty zeroset has interior. Also mentioned in [7] is the fact that every 
almost P-space with a clopen r-base is Specker. 
Proposition 3.8. The point p in the ordered space X is an almost P-point if and only 
if it is a P-point, or else the supremum of a strictly increasing sequence, but not the 
injimum of a strictly decreasing sequence, or else the reverse of the latter 
Example 3.9. The Dedekind completion & of an VI-set H. Recall that an VI-set is a 
totally ordered set H in which the following interpolation obtains: if A and B are 
countable subsets so that A < B, then A < x < B, for a suitable x E H. Viewed as 
a totally ordered space, H is a P-space, and, hence, a Specker space. (See [3, 13511. 
In fact, the points of H remain P-points in 2.) Since 2 has no successor pairs, it is 
connected. Now, any space having a dense set of almost P-points is a DC-space, by [ 1, 
Proposition 1.21. Thus, fi is a connected, DC-space, and far from being Specker. 
We give this example for two reasons: one, to show that DC-spaces can be connected, 
and, second, to point out that the Specker property can be lost in passing to the Dedekind 
completion. Incidentally, this is also true of the completion of a totally ordered set (which 
one obtains from the Dedekind completion by adjoining a first and last element). Thus, 
a Specker totally ordered space need not have a Specker order completion. 
More importantly perhaps, this comment also shows that, although the Stone-Tech 
compactification of a Specker space is Specker (according to [7, Proposition 1.131) not 
every compactification need be. 
References 
[I] A. Bella, J. Martinez and S. Woodward, Algebras and spaces of dense constancies, submitted. 
[2] A. Bella and P. Simon, Function spaces with a dense set of nowhere constant functions, Boll, 
Un. Mat. Ital. 7 4A (1990) 121-124. 
[3] L. Gillman and M. Jerison, Rings of Continuous Functions, Graduate Texts in Mathematics 
43 (Springer, Berlin, 1976). 
[4] A. Hager, Minimal covers of topological spaces, Ann. New York Acad. Sci.; Papers on Gen. 
Topol. & Rel. Categ. Th. & Topol. Alg. 552 (1989) 44-59. 
[5] R.B. Jensen, The fine structure of the constructible hierarchy (with a section by J. Silver), 
Ann. Math. Logic 4 (1972) 229-308; Erratum, ibid. 4 (1972) 443. 
[6] S. Koppelberg, Handbook of Boolean Algebra, I (North-Holland, Amsterdam, 1989). 
[7] J. Martinez and S. Woodward, Specker spaces and their absolutes II, Alg. Universalis, to 
appear. 
A. Bellu et (11. / Topology and ifs Applications 72 (1996) 259-271 271 
[8] J. Porter and R.G. Woods, Extensions and Absolutes of Hausdorff Spaces (Springer, Berlin, 
1988). 
[9] R.M. Solovey and S. Tennenbaum, Iterated Cohen extensions and Souslin’s problem, Ann. 
Math. 94 (1971) 201-245. 
[lo] S. Woodward, On commutative f-rings which are rich in idempotents, Doctoral Dissertation, 
University of Florida (1992). 
